Exactly solvable model of the quantum isotropic three-dimensional singular oscillator in the relativistic configurational r-space is proposed. We have found the radial wavefunctions, which are expressed through the continuous dual Hahn polynomials and energy spectrum for the model under consideration. It is shown that they have the correct non-relativistic limits.
Introduction
The non-relativistic quantum harmonic oscillator [1] is extensively used in the various fields of the theoretical physics (see, for example, [2] ). The development of the quark models has led to the necessity of constructing the relativistic wavefunctions of compound particles and, in particular, the relativistic quantum harmonic oscillator models [3] - [7] .
Another useful solvable problem of the non-relativistic quantum mechanics is the singular harmonic oscillator [8] - [13] due to its application for explanation many fenomena, such as description of spin chains [14] , quantum Hall effect [15] , fractional statistics and anyons [16] .
Recently, we constructed a relativistic model of the quantum linear singular oscillator [17] , which can be applied for studying relativistic physical systems as well as systems on a lattice. In the present paper we generalize this model to the three-dimensional case. Our three-dimensional model is formulated in the framework of the finite-difference relativistic quantum mechanics, which was developed in several papers and applied to the solution of a lot of problems in particle physics [6, 7] , [17] - [28] .
In Section 2, we briefly discuss the finite-difference relativistic quantum mechanics. We propose a relativistic finite-difference model of the isotropic threedimensional singular oscillator and find the explicit form of its wavefunctions and energy spectrum in Section 3. In Section 4, we investigate the nonrelativistic limits of these wavefunctions and energy spectrum. Conclusions are given in Section 5.
The finite-difference relativistic quantum mechanics
The finite-difference relativistic quantum mechanics is closely analogous to the non-relativistic quantum mechanics, but its essential characteristic is that the relative motion wavefunction satisfies a finite-difference equation with a step equal to the Compton wavelength of the particle,λ = /mc. For example, in the case of a local quasipotential of interaction V ( r) the equation for the wavefunction of two scalar particles with equal mass has the form
where the finite-difference operator H 0 is a relativistic free Hamiltonian
and L 2 is the square of the angular momentum operator and ∂ r ≡ ∂ ∂r
. The technique of difference differentiation was developed and analogues of the im-portant functions of the continuous analysis were obtained to fit the relativistic quantum mechanics, based on Eq. (1) [18, 19] .
The space of vectors r is called the relativistic configurational space or r-space. The concept of r-space has been introduced for the first time in the context of the quasipotential approach to the relativistic two-body problem [18] .
The quasipotential equations for the relativistic scattering amplitude and the wave function ψ ( p) in the momentum space have the form [21, 22] 
where
and V p, k; E q is the quasipotential.
The integration in (3) and (4) is carried out over the mass shell of the particle with mass m, i.e. over the upper sheet of the hyperboloid p 0 2 − p 2 = m 2 c 2 , which from the geometrical point of view realizes the three-dimensional Lobachevsky space. The group of motions of this space is the Lorentz group SO(3, 1).
Equations (3) and (4) have the absolute character with respect to the geometry of the momentum space, i.e., formally they don't differ from the non-relativistic Lippmann-Schwinger and Schrödinger equations. We can derive Eqs. (3) and (4) substituting the relativistic (non-Euclidean) expressions for the energy, volume element, and δ-function by their non-relativistic (Euclidean) analogues:
As a consequence of this geometrical treatment, the application of the Fourier transformation to the Lorentz group becomes natural instead of the usual one. In this case the relativistic configurational r-space conseption arises.
Transition to relativistic configurational r-representation
is performed by the use of expansion on the matrix elements of the principal series of the unitary irreducible representations of the Lorentz group:
The quantity r is relativistic invariant and is connected with the eigenvalues of the Casimir operatorĈ = N 2 − L 2 in the following way:
where L and N are the rotation and boost generators.
It is easy to verify that the function (the relativistic 'plane wave') (8) obeys the finite-difference Schrödinger equation
The relativistic plane waves form a complete and orthogonal system of functions in the momentum Lobachevsky space.
If we perform the relativistic Fourier transformation (7) in Eq. (4), we arrive at the finite-difference Schrödinger equation (1) with the local (in general case, non-local) potential in the relativistic r-space.
In the relativistic r-space the Euclidean geometry is realized and, in particular, there exists a momentum operator in the relativistic configurational r representation [18] 
where a three-dimensional vector m has the following components [25] :
The components of (11) and free Hamiltonian obey the following commutation relations:
The relativistic plane wave is the eigenfunction of the operatorˆ p:
This means that (8) describes the free relativistic motion with definite energy and momentum.
In the non-relativistic limit we come to the usual three-dimensional configurational space and relativistic plane wave (8) goes over into the Euclidean plane wave, i.e.
Note that all the important exactly solvable cases of non-relativistic quantum mechanics (potential well, Coulomb potential, harmonic oscillator etc.) are also exactly solvable for the case of Eq. (1).
The relativistic model of the isotropic three-dimensional singular oscillator
We consider a model of the relativistic three-dimensional singular oscillator, which corresponds to the following interaction quasipotential:
where g is a real quantity.
Let us note that in contrast to the case of the Coulomb potential [17, 20, 25] , which can be calculated as an input of the one-photon exchange, the relativistic generalization of the oscillator or singular oscillator potential is not uniquely defined. Therefore, for construction of the quasipotential (15) we proceed from the following requirements for the quasipotential: a) exact solubility; b) the correct non-relativistic limit; c) existence of the dynamical symmetry.
In the limiting case when c → ∞, V ( r) goes into the non-relativistic threedimensional singular harmonic oscillator potential [1] :
Due to spherical symmetry of (15) the angular dependences of the wavefunction ψ ( r) (1) are separated in the standard manner
where l = 0, 1, 2, . . . being the orbital quantum number.
Thus the three-dimensional problem is reduced to finding the eigenvalues and eigenfunctions of the radial part of a Hamiltonian
with the boundary conditions for the radial wavefunction R l (0) = R l (∞) = 0, where
In terms of dimensionless quantities ρ = r/λ, ω 0 = ω/mc 2 and g 0 = mg/ 2 we can write equation (17) in the form
where ρ (2) is the "generalized degree" [19] 
Having the seperated factors (−ρ) (α l ) and M ν l (ρ) = ω iρ 0 Γ (ν l + iρ) with
which determine the asymptotic behaviour of R l (ρ) at the points ρ = 0 and ρ = ∞ respectively, we look for the solution of equation (19) in the form
The function Ω (ρ) then satisfies the following difference equation
This equation was studied in [7, 17] , where has been shown that the insertion of expansion of the function Ω (ρ) as a power series into (24) leads to recurrence relations for the coefficients of this series, from which it follows that it terminates by the term c 2n ρ 2n if
where n = 0, 1, 2, . . . is the radial quantum number. This gives the quantization rule for the energy levels of the three-dimensional singular oscillator under consideration and we arrive at the following final form for the radial wavefuncion
where S n ρ 2 ; α l , ν l , 1 2 are the continuous dual Hahn polynomials [29] .
If we normalize the functions (26) as follows
then
.
The non-relativistic limit case
In the non-relativistic limit, when the parameter µ = mc 2 ω → ∞ we have [17] lim µ→∞ α l = 1 2
where ξ = mω r. Therefore in the limit c → ∞ the radial wavefunctions R nl (ρ) (26) coincide with the radial wavefunctions of the non-relativistic threedimensional singular oscillator [1] .
The energy spectrum (25) also has a correct non-relativistic limit, i.e.
In fig. 1 we show the behaviour of the ground state energy level (25) depending on the g and l for various values of the speed of light c. From these plots we see that decreasing c and increasing l changes the appearance of the 'collapse' point g < − 
Conclusion
In this paper in the framework of the finite-difference relativistic quantum mechanics we constructed a relativistic model of the isotropic three-dimensional singular oscillator. In complete analogy with the non-relativistic problem, the relativistic problem under consideration is also exactly solvable. We determined energy spectrum and wavefunctions of the problem and showed that they have the correct non-relativistic limits.
We hope that the relativistic model of the isotropic three-dimensional singular oscillator proposed in this paper will be applied in future in quantum physics as well as theory of elementary particles.
